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Group analysis of a class of nonlinear 
Kolmogorov equations 


Olena Vaneeva, Yuri Karadzhov and Christodoulos Sophocleous 


Abstract A class of (1+2)-dimensional diffusion-convection equations (nonlinear 
Kolmogorov equations) with time-dependent coefficients is studied with Lie sym¬ 
metry point of view. The complete group classification is achieved using a gauging 
of arbitrary elements (i.e. via reducing the number of variable coefficients) with the 
application of equivalence transformations. Two possible gaugings are discussed in 
order to show how equivalence groups serve in making the optimal choice. 


1 Introduction 


Second-order partial differential equations of the form 

U, = DUyy + V [K{U)\^ , (1) 

where D and v are nonzero constants, and K is a smooth nonlinear function of the 
dependent variable m, appear in various applications. In particular, they describe 
diffusion-convection processes a, model an interaction of particles with two kinds 
of particles on a lattice H], arise in mathematical finance, when studying agents’ 
decisions under risk ||2l[T^. Equations ([T]i are called in the literature diffusion- 
advection equations, nonlinear ultraparabolic equations and nonlinear Kolmogorov 


Olena Vaneeva 

Institute of Mathematics of the National Academy of Sciences of Ukraine, 3 Tereshchenkivska 
Str., Kyiv-4, 01601 Ukraine e-mail: vaneeva@imath. kiev. ua 

Yuri Karadzhov 

Institute of Mathematics of the National Academy of Sciences of Ukraine, 3 Tereshchenkivska 
Str., Kyiv-4, 01601 Ukraine e-mail: yuri . karadzhov@gmail. com 

Christodoulos Sophocleous 

Department of Mathematics and Statistics, University of Cyprus, Nicosia CY 1678, Cyprus e-mail: 
christod@ucy.ac.cym 


1 



2 


Olena Vaneeva, Yuri Karadzhov and Chi'istodoulos Sophocleous 


equations. They were studied from various points of view. An important study of 
partial differential equations and especially nonlinear ones is finding Lie groups of 
point transformations that leave an equation under study invariant. Such symmetry 
transformations allow one to apply powerful, and what is most important, algorith¬ 
mic methods for finding exact solutions of a given nonlinear equation. Moreover, Lie 
symmetries can serve as a selection criterion of physically important models among 
possible ones fSl. Lie symmetries of equations ([T]) and the corresponding group in¬ 
variant solutions were classified by Demetriou et al E). There are also studies on 
Lie symmetries of linear Kolmogorov equations Elllol and of constant coefficient 
nonlinear Kolmogorov equations of the form m, — Uyy — mix = /(«) lfT9l . 

An attempt of group classification of a class of nonlinear Kolmogorov equations 
more general than ([TJ, namely, such equations with time dependent coefficients, 

Ut = f{t)Uyy - g{t)[K{ll)]^ , fgKuu 7^ 0, (2) 

was recently made Qo). Here / and g are smooth nonvanishing functions of the 
variable t, and K is a smooth nonlinear function of u. Nevertheless the complete 
classification of Lie symmetries of class (|2]i was not achieved in ifTOl . in particular, 
the case K = u\nu was missed and dimensions of maximal Lie symmetry algebras as 
well as some of their basis elements for the other cases of extensions were presented 
incorrectly. The case K = that is important for applications was not studied with 
Lie symmetry point of view at all. 

In this paper we perform the complete group classification of equations (|2]i. As 
class (|2|i is parameterized by three arbitrary elements, K{u), f{t) and g(f), the group 
classification problem appears to be too complicated to be solved completely with¬ 
out modern approaches based on the usage of point equivalence transformations. 
One of such tools is the gauging of arbitrary elements by equivalence transforma¬ 
tions (i.e., reducing of a class to a subclass with fewer number of arbitrary elements). 
To use this technique, we firstly compute the equivalence group of class (|2|i in Sec¬ 
tion 2. A gauging of arbitrary elements is performed in the same section. In Section 3 
Lie symmetries of the simplified class are exhaustively classified. In Section 4 we 
discuss how to choose an optimal gauging among possible ones. To illustrate that 
the chosen gauging is optimal, we also present results on group classification of 
class (l2]i carried out for an alternative gauging. 


2 Equivalence transformations 

Equivalence transformations are nondegenerate point transformations, that preserve 
the differential structure of the class under study, change only its arbitrary elements 
and form a group. There are several kinds of equivalence groups. The usual equiva¬ 
lence group, used for solving group classification problems since the late 50’s, con¬ 
sists of the nondegenerate point transformations of the independent and dependent 
variables and of the arbitrary elements of the class, where transformations for inde- 
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pendent and dependent variables do not involve arbitrary elements of the class ini. 
The notion of the generalized equivalence group, where transformations of vari¬ 
ables of given DEs explicitly depend on arbitrary elements, appeared in the mid¬ 
dle 90’s ifTTIfTH. The transformations from the extended equivalence group include 
nonlocalities with respect to arbitrary elements . The generalized extended equiv¬ 
alence group possesses the properties of both generalized and extended equivalence 
groups. The group classification problems become simpler for solving if one use 
the widest possible equivalence group. Advantages of the usage of the generalized 
extended equivalence group in comparison with the usual one were shown, in par¬ 
ticular, in || 2 T]| . In some cases the usage of generalized extended equivalence groups 
is the only way to present the complete group classification, see, e.g., Il 22 ll . 

Equivalence transformations generate a subset of a set of admissible transforma¬ 
tions which can be interpreted as triples, each of which consists of two fixed equa¬ 
tions from a class and a point transformation that links these two equations iniiisi. 
In this paper we restrict ourselves to the study of equivalence transformations. 

To find the equivalence transformations we use the direct method fS] . The details 
of calculations are skipped for brevity. As it is more convenient for the study of Lie 
symmetries to consider the equivalent form of the above class, 

M, = f{t)uyy-g{t)k{u)u^, fgku ^ 0, (3) 

we present transformations for both K and k = Ku in the theorems below. 

Theorem 1. The generalized extended equivalence group of class ^ (resp. Qj 

is fanned by the transformations 

t = T{t), x = 8 ix-\- 52 jg{t)dt-\- 5 i, y = 54 ^- 1 - 55 , u = 5(,u-\-&], 

f(J) = 1(f) = 

k{u) = —{ 5 iK{u)-\-& 2 U-{-e 2 )^ (resp. k(M) = —(5ik(M)) 

£1 \ £i / 

where 5;, i = 1,... ,7, Ei and £2 are arbitrary constants with 5 i 5456 ei T(t) is 

an arbitrary smooth function with 7J 7 ^ 0. 

The usual equivalence group of class ^ (resp. (|i|j consists of the above trans¬ 
formations with 82 = 0 . 

The group contains a subgroup of gauge equivalence transformations, i.e. the 
transformations that change only arbitrary elements while the independent and de¬ 
pendent variables remain unchanged M- This subgroup is formed by the transfor¬ 
mations t =t,x = x,y = y,u — u, f = f,g = £\g, K = {K-\-£ 2 )/£\ (resp. k = k/ef}. 
It is more convenient to consider class Q than class dU as in this case the dimension 
of the gauge equivalence subgroup reduces. 

It appears that the subclass of equations (|2|i with K quadratic in u (resp. Q with 
k linear in u) admits a wider equivalence group. Up to the G'"-equivalence we can 
consider the case K = u^ (resp. k = u). 
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Theorem 2. The generalized extended equivalence group G'j" of the class 

u, = f{t)uyy - g{t)uux, fg f 0, (4) 

comprises the transformations 

t = T{t), x = X{t)x+53jgit)X{t)^dt + 54, y=5iy+52, 

where X(t) = \ / {5(, f g{t) dt + d-j), 5i, i = are arbitrary constants with 

5i5s{5^ + S^) f 0, and T{t) is an arbitrary smooth function with T f 0. 

The usual equivalence group of class 0 consists of the above transformations 

with 5j, = 5(i = 0. 

As there is one arbitrary function, r(f), in the transformations from the group 
we can set one of the arbitrary elements / or g of the initial class equals to a nonzero 
constant value. We choose to perform the gauging g = 1 by using the transformation 

t = fg(t)dt, x = x, u = u. (5) 

Then, any equation from class ^ (resp. 0) is mapped to an equation from its sub¬ 
class that is singled out by the condition g = 1- The detailed discussion on optimal 
choice of gauging is presented in Section 4. Without loss of generality, we can re¬ 
strict ourselves to the study of class (|2l) with g = 1 or, what is more convenient, its 
equivalent form 


Mr = f{t)uyy - k{u)ujc, fku f 0, (6) 

since all results on symmetries, conservation laws, classical solutions and other re¬ 
lated objects can be found for equations (0 using the similar results derived for (| 6 ]l. 

The generalized extended equivalence groups of class (| 6 ]l and its subclass with 
k = u coincide with the usual equivalence groups of these classes. 

Theorems. The usual equivalence group G~ of class consists of the transfor¬ 
mations 


t = £it-\-eo, X = 8ix-\-dit + y = Si-y-l-55, u = d(,u-\-8], 

m = ^m, Hu) = Um^)+52f 

El El 

where 5,-, i = Ei and Eq are arbitrary constants with SiS^SgEi f 0. 

Theorem 4. The usual equivalence group Gf of the class 

lit = f{t)Uyy - UUjt, ffO, (7) 


is fanned by the transformations 
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t = 


at+ 13 

7?+ 5 ' 


Kx + nt + v . , 

x= -——, y = Ay + e, 


yt + 5 


ii = j{K{Yt + 8 )u- Kjx + 5ii- 7v), /(f) = ^ ( 7 f + 5)^ fit), 


where Ct, j3, 7 , 5, K, fl, and V are arbitrary constants defined up to a nonzero 
multiplier with A = a5 — PyfO, K f 0; X and e are arbitrary constants, A / 0. 

Theorem 4 implies that any equation (|7]i with f = a{t + b)^^, where a fO and b 
are constants, is mapped by a point transformation to a constant-coefficient equation 
from the same class. 

We also present equivalence transformations for the subclass of class (O singled 
out by the condition / = 1, which we will use for the comparison of the cases / = 1 
and g = 1 in Section 4. 

Theorem 5. The generalized extended equivalence group Gf of the class 


ut = Uyy - g{t)k{u)ux, gku / 0 , 


( 8 ) 


comprises the transformations 

t = d^t + do, x= 5 ix+ 52 /g(f)df+ 53, 7 = 547 + 55, u = d 6 u + &j, 

= Hu) = ^ {dik{u) + 82 ), 

54 £i 

where 8 i, / = 0,1,... ,7, and £1 are arbitrary constants with 5 i 5456 £i / 0. 
Theorem 6. The generalized extended equivalence group Gf of the class 

Ut = Uyy -g{t)uujt, gfO, (9) 


consists of the transformations 


u = 


t = 8 ^ + 82 , X = 

56((7i/^(0df + 72)«- 


yilgit)dt + y2^^^' 
7i(x+ 54)), 1(f) = 


7 = 5 i7 + 53, 

__ 

5f56(7i/^(f)df + l^)^’ 


where 8 i, i = 1 ,... , 6 , 71 and 72 are arbitrary constants with 8 i 8 (,iyl + 7 !) / 0 . 


3 Lie symmetries 

The group classification problem for class Q up to G~-equivalence reduces to the 
similar problem for class (|6]l up to C-equivalence (resp. the group classification 
problem for class (HI up to G/-equivalence reduces to such a problem for class (|7]i 
up to G/-equivalence). 
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To solve the group classification problem for class (| 6 ]l we use the classical ap¬ 
proach based on integration of determining equations implied by the infinitesi¬ 
mal invariance criterion M- We search for symmetry operators of the form Q = 
z{t,x,y,u)di+^{t,x,y,u)d^x + Tl{t,x,y,u)dy + 9{t,x,y,u)du generating one-parameter 
Lie groups of transformations that leave equations (| 6 ]l invariant ifT^fTSl . It is re¬ 
quired that the action of the second prolongation of the operator Q on (ISJl van¬ 
ishes identically modulo equation (| 6 ]l, 

- f{t)Uyy + k{u)Ujc}\u,=f{t)uyy-k{u)u, = 0- (10) 

The infinitesimal invariance criterion (fTOl i implies the determining equations, 
simplest of which result in 

T = T(f), ^=^{t,x), ri = r]\t)y + ri°(t), 9 = (p(t,x,y)u + i/(t,x,y), 

where T, Tj*, Tj'^, (p and \j/ are arbitrary smooth functions of their variables. Then 
the rest of the determining equations are 

Tf, = ( 277 ' - T,)/, 2f(py = -T7/y - 77 °, (11) 

{(pu + \l/)ku + {Tt-ix)k = ^t, (12) 

{(p_,u + \ir^)k + {(p, - f(pyy)u + \ir,- f\^yy = 0. (13) 

Firstly we integrate equations (fT2l i and ( fT3l l for k up to the G~-equivalence taking 
into account that k^ 7 ^ 0. The method of furcate split ||7][T3 is further used. For any 
operator Q € equation (fT2l i gives equations on k of the general form 

{aii + b)ku +ck = d, (14) 

where a, b, c, and d are constants. The number s of such independent equations 
is not greater than two, otherwise they form incompatible system for k. If s = 0, 
then (fl4li is not an equation on k but an identity, this corresponds to the case of 
arbitrary k. If s = 1, then the integration of (fl4li up to the G~-equivalence gives 
three different cases: (i) k = m”, 77 ^4 0,1; (ii) k = e"; (iii) k = Inu. If i = 2, then the 
function k is linear in u, k = u mod G~. 

The determining equation (fOl l implies that there exist two essentially different 
cases of classification: I. kuu ^ 0, and II. = 0, i.e. k = u mod G'^. 

Consider firstly the case of arbitrary function k. In this case equations (fT^ 
and (fT3l l should be split with respect to k and k„. The splitting results in the equa¬ 
tions ^ = y/ = 4 = T, — = 0. Therefore T = cp -f C 2 , ^ = cix -f C 3 . As ^ = 0, the 

second equation of (fTTT i implies 77 / = 77 ® = 0, i.e. rj^ = C 4 , and rj^ = C 5 . Here c,, 
i = 1,... ,5, are arbitrary constants. Then the general form of the infinitesimal gen¬ 
erator is 2 = (cif -|-C 2 )< 3 ( + {c\x + c^)dx + (c 4 y-|-C 5 )(?y and the first equation of (fTTIi 
takes the form 


(cif-f C2)/( = (2 c4-Ci)/. 


(15) 


Group analysis of a class of nonlinear Kolmogorov equations 


7 


Table 1 The group classification of class © up to the G~ -equivalence. 


no. 

/(O 



Basis ofA”“ 

Arbitrary k 

1 

V 


9v 


2 

tP 

<3r, 

9v, 

+ 7.xdx + (p + l)>’^v 

3 

e' 

<3., 

9v, 

29, +ydy 

4 

1 

<3., 

9v, 

d,, 2/(3, + 2xd^ + ydy 

k = u" ,n 

5 

V 

<3., 


nxdx -\-udu 

6 

tP 

<3., 

dy, 

nxdx + udu, ltd, + 2xdx + {p + l)ydy 

7 

e' 

<3., 

dy, 

nxdx + udu , 2dt + ydy 

8 

1 

<3r, 

dy, 

nxdx + ud„, d,, ltd, + 2xdx+ydy 

k = e‘' 

9 

V 

<3r, 

dy, 

xdx d[f 

10 

tP 

<3r, 

dy, 

xdx + du, 2td, + 2xdx + {p + l)ydy 

11 

e> 

<3., 

dy, 

xdx + d,,, 2d, + ydy 

12 

1 

<3., 

dy, 

xdx + du , df, 2tdt-\- 2xdx + ydy 

^ = lUM 

13 

V 

<3., 

dy, 

tdx udif 

14 

tP 

<3., 

dy, 

tdx udi,^ 2tdf + 2xdx + (p +1 

15 

e> 

<3., 

dy. 

tdy + udu, 2d, + ydy 

16 

1 

<3., 

dyy 

tdx + udu, d,, 2td, + 2xdx + ydy 


Here n and p are arbitrary nonzero eonstants, and 


This is the classifying equation for /. If / is an arbitrary nonvanishing smooth 
function, then the latter equation should be split with respect to / and its deriva¬ 
tive, which results in ci = C 2 = C 4 = 0. Therefore, the kernel of the maximal 
Lie invariance algebras of equations from class (| 6 ]l is A^ = ((9^, <9v) (Case 1 of Ta¬ 
ble 1 ). To perform the further classification we integrate equation ( fTSl l up to the 
C-equivalence. All C-inequivalent values of / that provide Lie symmetry exten¬ 
sions for equations from class ® with arbitrary k are exhausted by the following 
values; f = tP, p^0;/ = e';/=L The corresponding bases of maximal Lie 
invariance algebras are presented by Cases 2^ of Table 1. 

\fk = u'\ n^Q,l, then splitting equations (fT^ and (fOl l with respect to different 
powers of u leads to the system = W= Vx = 0, (pi = f<Pyy, n(p + Zt — ^.x = 0. These 
equations together with (fTTIi imply T = cif-|-C 2 ,^ = (ci-|-nc 6 )v-|-C 3,77 = c^y -f C 5 , 
(p ~ C6, where q, i = 1,... , 6 , are arbitrary constants. The classifying equation for 
/ takes the form (fTSl l. Therefore, the cases of Lie symmetry extensions are given by 
the same forms of / as in previous case, namely, arbitrary, power, exponential and 
constant. See Cases 5-8 of Table 1. The dimensions of the respective Lie symmetry 
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Table 2 The group classification of class 0 up to the Cj" -equivalence. 


no. /(f) 




Basis of 

1 V 

„(7aTctanf 

^ U+l 

dx, 

dx, 

dy, 

dy, 

xdx + udn , 

xdx + udu, 

tdx + du 

tdx + d^„ 

{d + \)d,+ txdx + 2 aydy + {x-tu)du 

3 tP 

dx. 

dy. 

xdx + udu, 

tdx + du, 

ltd, -h (p -1- l)ydy - ludu 

4 d 

dx. 

dy. 

xdx + udu, 

tdx + du. 

2d, -l-y^v 

5 1 

dx. 

dy, 

xdx + udu, 

tdx + du. 

d,, 2td,+ ydy — lud,, 


Here p and a are arbitrary constants with p ^ 0. —2. Moreover p < — 1 mod G^. 


algebras increase by one in comparing with the case of arbitrary k. The highest 
dimension is five, not six as it was stated in the paper by Kumar et al ifTol . 

The consideration of the cases k = e“ and A: = In m is rather similar to the case of 
k = m" with n ^ 0,1, therefore, we omit the details of calculations. The classification 
results are presented in Cases 9-16 of Table 1. 

Consider the case of linear k, then up to the equivalence we can assume k = u. 
We substitute k = uto equations (fTSli and (flTl i and further split them with respect to 
different powers of u. This leads to the system if/ = T,-i^ + (p = 0, (p^- = 0, V 6 : + 

(p, — f<Pyy = 0, and \j/t—f\j/yy = 0. We differentiate the first and the second equation 
of this system with respect to the variable y and get the additional conditions (py = 
y/y = 0 . Then also y/i = Xj/xx = (pn =0 and the second equation of (fTTli gives 77 / = 
rif = 0. The general form of the infinitesimal operator Q is Q= (c 2 t^ + cit + co)dt + 
((c 2 t+ C4)x + C3t+ C5)dx + (cey + C 7 )(9y + ((c 4 — c 1 — C 2 f)M + C 2 X + C 3 ) d,,, where a, 
!= 0,... ,7, are arbitrary constants. The classifying equation for / is 

(c 2 f^ + cir + co)/r = { 2 ce-c\- 2 c 2 t)f. (16) 

If this is not an equation on / but an identity, then cq = ci = C 2 = ce = 0. There¬ 
fore, the constants C 3 , C 4 , C 5 , C 7 appearing in the infinitesimal generator Q are arbi¬ 
trary and the maximal Lie invariance algebra of the equations 0 with arbitrary / is 
the four-dimensional algebra {dx, dy, xdx + udu, tdx + du) (Case 1 of Table 2). 

The further group classification of equations (| 6 ]l with k = u, i.e. equations 0, is 
equivalent to the integration of the following equation on / 

{at^ + bt + c)ft = {d — 2at)f, (17) 

where a, b, c and d are arbitrary constants with {a,b,c) 7 ^ (0,0,0). Up to 
equivalence the parameter quadruple {a,b,c,d) can be assumed to belong to the 
set {( 1 , 0 , l,(j), ( 0 , l, 0 ,p), ( 0 , 0 , 1 , 1 ), ( 0 , 0 , 1 , 0 )}, where < 7 , p are nonzero con¬ 
stants, p < — 1. The proof is similar to ones presented in Vaneeva et al. II22II23I . 
It is based on the fact that transformations from the equivalence group Cj" can be 
extended to the coefficients a, b, c and d as follows 
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d = jj.{a5^ — bY5 + cY^), b = jj.{—2al55 + b{a5 + jSy) — 2caY), 
c = — baP +ca^), d = ji{dA +2aP5 — 2bPY+2caY), 

where A = ad — pY 0 and /r is an arbitrary nonzero constant. 

Integration of the equation (fTTI) for four inequivalent cases of the quadruple 
{a,b,c,d) gives respectively / = , f = , p ^ 0, f = e’ and / = 1. We 

further substitute the obtained inequivalent values of / into equation (fThl l and find 
the corresponding values of constants c, and, therefore, the general forms of the 
infinitesimal generators. The results of the group classification of class © are pre¬ 
sented in Table 2. 

The classification lists presented in Tables 1 and 2 give the exhaustive group 
classification of the class of variable coefficient nonlinear Kolmogorov equations © 
with nonlinear k and of the class of equations (IHi up to the G""- and G^-equivalences, 
respectively. 


4 Discussion on the choice of the optimal gauging 

Appropriate choice of gauging of the arbitrary elements is a crucial step in solving 
group classification problems. The gauging / = 1 could seem more convenient if 
one look for the determining equations for finding Lie symmetries. For class I© 
they have the form 

2tJv = t,, riyy-ri, = 2(py, {(pu + w)gku+[T:gt + {T:i-^x)g]k = ^t, 

{(p_,u + \l/.,)gk + {(p, - (Pyy)u + Wyy = 0- 

For the case k ^ u the difference in classification is not so crucial (cf. Table 1 with 
Table 3). Though one can see that for k = \nu the operator tdx + udu appearing 
in Cases 13-16 of Table 1 transforms to various forms in the respective cases of 
Table 3. For the case k = u the difficulty of group classification of the class © 
with / = 1 increases essentially in comparison with the gauging g = 1. Solving the 
determining equations results in the following form of the infinitesimal generator 

Q= {c\t + co)d, + [{c2X + c-i) Jg{t)At+ c^x + cs\dx + 

(iciy + CfPdy + [(c7 - C 2 !git) At)u + c^x + C3](9„, 

where c,-, i = 0,... ,7, are arbitrary constants. The classifying equation for g is the 
integro-differential equation (cif + co)g/ + (ci — C 4 + C 7 — 2 c 2 /g(f)df)g = 0 (cf. 
with the classifying equation (fTbl l for / that is much simpler). The results of group 
classification for class © are presented in Table 4. Comparing Tables 2 and 4 one 
can conclude that forms of the basis operators of the maximal Lie invariance alge¬ 
bras are more cumbersome in Table 4. 

The links between equations of the form © are also more tricky than those be¬ 
tween equations from class ©. For example, the equation 
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Table 3 The group classification of class © up to the GJ'-equivalence. 


no. 

sit) 



Basis of 

Arbitrary k 

1 

V 




2 

tp 

d., 


ltd, + 2(p + l)xdx+ydy 

3 

e< 



df + xdx 

4 

1 


dy, 

d,, 2td, + 2xdx+ydy 

^ = if", n 7^ 0,1 

5 

V 


dy, 

nxdj, + M(9„ 

6 

tP 

<3., 

dy 

nxd„ + , 2/5, + 2(p + 1 )xd„ + yd,. 

7 

e' 

<3., 

dy 

nxdx + udif , d{ + 

8 

1 

<3., 

dy 

nxd„ + «5„, 5,, 2/5, + 2x5_,. + ydy 

a 

II 

9 

V 

<3., 

dy 

xdx + 5„ 

10 

lP 

<3., 

dy 

x5^ + 5„, 2/5, + 2(p + 1 )x5^. + ydy 

11 

e' 

<3x, 

dy 

xdx + d,,, d,+xdx 

12 

1 

<3., 

dy 

xdx + 5 1 2tdt-\- 2x3x + 

k = \au 

13 

V 

-3., 

dy 

/g{/) At dx + m5„ 

14„ fP. 


-1 <3x, 

dy 

H“ (p “1“ ^)udi ,, 2/^? + 2(p + 

14fc 


<3., 

dy 

In / 5^ + ud„, ltd, + ydy 

15 


<3., 

dy 

e'dx + udu, dt+xdx 

16 

1 

<3., 

dy 

tdx + ud„, ltd,+ 2xdx + ydy, d, 


Here n and p are arbitrary nonzero constants. 


Table 4 The group classification of class © up to the GJ'-equivalence. 


no. 

sit) 



Basis of 

1 

V 

1 

/cos2(vln/) 

<3., 

dy, xdx + ud,,, 

hit) At dx + 5„ 

2 

<3., 

dy, xdx + udu, 

tan(vln/)5j: +v5„, 

3 

1 

+ vxtan(vln?)^:t + 

\ydy + v(vx — tan(vln/)«)5„ 

tan/5^ + 5„, 5, +xtan/5x+ (x — «tan/)5„ 

4„ 

cos^/ 

tp 

<3., 

dy, xdx + udu, 

+ (p + ) 2/^, + 2(p + +y^i’ 

4/, 

/-> 

<3., 

dy, xdx + ud„, 

ln/5^ + 5„, ltd,+ydy 

5 

e' 

dx, 

dy, xdx + ud,„ 

e'dx + d„, d,+xdx 

6 

1 

dx, 

dy, xdx + ud,„ 

t dx + 5„, 5,, 2/ 5, + 2x5j, + y 5,. 


Here p and v are arbitrary constants with v ^ 0, p —2, —1,0. Moreover p < — 1 mod G^. 
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1 

Uf - Uyy py- - -UUxf 

fcosh (vInf) 

where the variable coefficient can be rewritten as admits the five-dimensional 

maximal Lie invariance algebra with the basis operators d^, dy, tanh(vlnf)5j:-|- 
xdx + udu, and tdi — vjictanh(vlnf)5;c -|- \ydy — v{vx — tanh(vlnf)M)5„. The equiva¬ 
lence of this equation and the equation 

Mf = Myy — t^^^^llUx 

from the same class does not seem obvious. Nevertheless, there exists the transfor¬ 
mation from the equivalence group G^, 

f = f, x=-x(t -fl), y = y, M = ^ 2 v 1 + 2 ^^ 

that establishes a link between these equations. This shows that the distinguishing 
inequivalent cases of Lie symmetry extensions for class @ is also a more difficult 
task than for class 0. 

Therefore, the gauging .g = 1 is without a doubt the right choice to perform 
a group classification for the class 0 and especially for its subclass 0. So, is 
there a regular way that can help one to choose a preferable gauging among sev¬ 
eral possible ones? Equivalence groups appear to be indicators showing the right 
choice of gauging. Indeed, the comparison of the equivalence groups presented in 
Theorems 3 and 4 with those given in Theorems 5 and 6 shows that the equivalence 
groups of class 0 and its subclass 0 are usual whereas the equivalence groups of 
class 0 and its subclass 0 remain to be generalized extended as the equivalence 
group of the initial class. Transformations from the generalized extended groups 
become point only after fixing arbitrary elements and integrals of g then naturally 
appear in the forms of Lie symmetry generators and even in the classifying equation. 
This of course makes the calculations more difficult. Therefore, the widest possible 
equivalence group should be necessarily found even before applying the Lie invari¬ 
ance criterion to equations under study in order to choose the optimal gauging and 
to optimize the entire process of group classification. 


5 Conclusion 

The complete group classification of class 0 has been performed using the gaug¬ 
ing of arbitrary elements by the equivalence transformations. We have presented 
classification lists for an equivalent form of this class, namely, for class 0. The 
corresponding values of K for the values of k from Tables 1 and 3 are the following: 
k = m", n ^ 0,-1, K = k = K = Inu; k = e^' ^ K = e"; k — Ini/ o 

K = Mini/. 
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Application of the widest possible (generalized extended) equivalence groups 
allowed us to write down classification lists in the explicit and concise form. We 
have also shown that the equivalence group is that indicator that helps one to choose 
the optimal gauging among several possible ones. 

The derived Lie symmetries can be now used to reduce the nonlinear Kol¬ 
mogorov equations (|2]i to ordinary differential equations and, therefore, for finding 
exact solutions. The reductions can be achieved using two-dimensional subalgebras 
of the corresponding maximal Lie invariance algebras. 
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